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Abstract
This paper we study the viscous simplified Bardina equations on two-dimensional
closed manifolds M imbedded in R3. First we will show that the existence and unique-
ness of the weak solutions. Then the existence of a maximal attractor is proved and
the upper bound for the global Hausdorff and fractal dimensions of the attractor is
obtained. The applications to the two-dimensional sphere S2 and the square torus T 2
will be treated. Finally, we prove the existence of the inertial manifolds in the case S2.
Keywords. Simplified Bardina equation, 2-dimensional closed manifold, 2-dimensional
sphere, 2-dimensional torus, attractor, inertial manifold.
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1 Introduction
Since the existing mathematical theory is not sufficient to prove the global well-posedness
of the 3D Navier-Stokes equations (NSE), the dynamics of homogeneous incompressible fluid
flows are not known sofar. The mathematicians study these dynamics by using the direct
numerical simulation of NSE and consider the mean characteristics of the flow by averaging
techniques in many pratical applications (see for example [32, 33, 34]). This leads to the
well-known closure problem i.e the following Reynolds averaged NSE is not closed (see [4]).
v¯t − ν∆v¯ +∇ · (v ⊗ v) = −∇p¯ + f¯ ,
∇ · v¯ = 0. (1.1)
Here we can write
∇ · (v ⊗ v) = ∇ · (v¯ ⊗ v¯) +∇ · R(v, v),
with R(v, v) = v ⊗ v − v¯ ⊗ v¯ is the Reynolds stress tensor. However, on the turbulence
modeling applications, one need to produce simplifled, reliable and computationally realiz-
able closure models. Since that, to obtain the closure models Bardina et al. [2] modified the
Reynolds stress tensor by
R(v, v) ≃ v¯ ⊗ v¯ − v¯ ⊗ v¯.
After that, Layton and Lewandowski [18] considered a simpler form of the above approxi-
mation of the Reynolds stress tensor
R(v, v) ≃ v¯ ⊗ v¯ − v¯ ⊗ v¯.
The modification of Layton and Lewandowski leads to study the following sub-grid scale
turbulence model (or called simplified Bardina equation)
ωt − ν∆ω +∇ · (ω ⊗ ω) = −∇q + f¯ ,
∇ · ω = 0,
ω(x, 0) = v¯0(x), (1.2)
where (ω, q) is the approximation to (v¯, p¯). Following [18], the simplified Bardina equation
is considered with the filtering kernel associated with the Helmholtz operator (I − α2∆)−1.
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This means that if v is the unfiltered velocity and u = ω is the smooth filtered velocity then
v = u− α2∆u and also keep that p = q − α2∆q, then the equation(1.2) becomes
vt − ν∆v + (u · ∇)u = −∇p + f,
∇u = ∇v = 0,
v = u− α2∆u
u(x, 0) = uin(x), (1.3)
where u and v are periodic with periodic box Ω = [0, 2πL]3.
The global existence and uniqueness of weak solutions to the equation (1.3) with the peri-
odic boundary conditions on three-dimension is established early by Layton and Lewandowski
[18] and then expanded to study by Titi et al [4]. In detail, the last work has proven the
global well-posedness for weaker initial conditions than the first work, then considered the
upper bound to the dimension of the global attractor and given the relation between the
modified Bardina equation and the modified Euler equation. The existence of inertial man-
ifolds for the simplified Bardina equation is studied by Titi et al. in [14]. On the other
hand, there are many works about the other turbulence models such as the modified-Leray-
α and viscous Camassa-Holm or Navier-Stokes-α on the same framework, see for example
[5, 11, 15, 26, 27, 28].
The Navier-Stokes equations arise quite naturally from different problems of meteo-
rology. For instance, the vorticity form of Navier-Stokes equations on the β-plane or on
the rotating sphere was widely used in dynamical meteorology. Therefore, it is impor-
tant to study the Navier-Stokes equation on the two-dimensional sphere or more general
on the two-dimensional closed manifolds. There is a program to study the equations such
as Navier-Stokes on the two-dimensional closed manifolds started by Ilyin since the year
1990’s [21, 22, 23, 24, 25] and developed recently by Ilyin and Laptev [29, 30, 31]. Since the
turbulence models will be converged to the Navier-Stokes equation when α tends to zero,
the investigation of the turbulence models on the two-dimensional closed manifolds is very
interesting. In 2004 Ilyin and Titi studied the attractor of the modified-Leray-α model on
the two-dimensional sphere and the square torus [27]. They obtained the upper and lower
bounds depended α of the Hausdorff and fractal dimensions of attractor. The method is
based on the vorticity form of the model and the theorem about the relation between the
Lyapunov exponents and the Hausdorff (fractal) dimension of attractor (see [6, 7, 40]). An
important technique is the Lieb-Sobolev-Thirring inequality on the two-dimensional sphere,
it plays an important role to estimate the Lyapunov exponents. The Sobolev-Lied-Thirring
inequality on manifolds is considered initially by Teman et al. in [13], then it is improved
by Ilyn and Laptev in the recent works for the sphere and torus [30, 31]. Morefurther, when
consider the Navier-Stokes equation on the domain of sphere, Ilyin and Laptev [29] improved
the Berezin-Li-Yau inequality on the lower of the sum of the eigenvalues, then apply to ob-
tain the upper of the dimension of attractor.
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This paper we consider the two-dimension version of (1.3). In detail, we study (1.3)
on the two-dimensional closed manifolds (where the sphere and torus at dimension two are
the specific cases) on the three points: the existence and uniqueness of the weak solutions,
estimate of the dimension of attractor and application, and the existence of the inertial
manifolds. The global well-posedness will be done by the Garlekin approximation scheme,
extend the work of Titi et al. in [4]. Then, we develope the method in [21, 29, 30, 31] to
estimate the Hausdorff (fractal) dimension of attractor. This paper is organized as follows:
section 3 we consider the global well-posedness of the equation on the generalized two-
dimensional closed manifolds. After that, we establish the upper bound to the dimension of
the global attractor in Section 4. Section 5, we will apply the results in the cases of sphere
and square torus and we also discuss about the equation on the domain of sphere. Finally,
we will prove the existence of the inertial manifold in Appendix.
Remark 1.1. Extend this work to study the other turbulence equations such as the modified-
Leray-α (refresh the results obtained in [27]) and viscous Camassa-Holm or Navier-Stokes-α
which will be treated in the forthcoming papers. Besides, the decays of the solutions of
turbulence equations on the manifolds are also interesting subjects and will be studied in
another program.
2 Geometrical and analytical setting
2.1 Two-dimensional closed manifolds
Consider the 2-dimensional closed manifolds M imbedded in R3. Following [21, 24, 25],
we define the two operators
Curln : TM → (TM)⊥ andCurl : (TM)⊥ → TM
in a neighbourhood of M in R3:
Definition 2.1. Let u be a smooth vector field on M with values in TM , and let ~ψ be a
smooth vector field on M with values in (TM)⊥, i.e. ~ψ = ψ~n, where ~n is the outward unit
normal vector to M and ψ is a smooth scalar function. We then indentify the vector field ~ψ
with the scalar function ψ. Let uˆ and ψˆ be smooth extensions of u and ψ into a neighbourhood
of M in R3 such that uˆ|M = u and ψˆ|M = ψ. For x ∈M and y ∈ R3, we define
Curlnu(x) = (Curluˆ(y) · ~n(y))~n(y)|y=x,
Curl~ψ(x) = Curlψ(x) = Curlψˆ(y)|y=x,
where the operator Curl that appears on the right hand sides is the classical Curl operator in
R3.
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The above definitions of Curlnu and Curlψ are independent of the choice of the neigh-
bourhood of M in R3. Moreover, the following formulas hold
Curlnu = −~ndiv(~n× u), Curlψ = −~n×∇ψ, (2.1)
∇uu = ∇|u|
2
2
− u× Curlnu, (2.2)
∆u = ∇divu− CurlCurlnu, (2.3)
where × is the outer vector product in R3, ∇ is the covariant derivative along the vector
fields and ∆ = dδ + δd is the Hodge-Laplacian operator.
Let Lp(M) and Lp(TM) be the Lp-spaces of the scalar functions and the tangent vector
fields on M respectively. Let Hp(M) and Hp(TM) be the corresponding Sobolev spaces of
scalar functions and vector fields. The inner product for L2(M) and L2(TM) are
〈u, v〉L2(M) =
∫
M
uv¯dM, foru, v ∈ L2(M),
〈u, v〉L2(TM) =
∫
M
u · v¯dM, foru, v ∈ L2(TM).
The following integration by parts formulas will be used frequently
〈∇h, v〉L2(TM) = −〈h, divv〉L2(M) ,〈
Curl~ψ, v
〉
L2(TM)
=
〈
~ψ,Curlnv
〉
L2(M)
.
By using Kodaira-Hodge decomposition we have
C∞(TM) = {∇ψ : ψ ∈ C∞(S)} ⊕ {Curlψ : ψ ∈ C∞(S)} ⊕ H1,
where H1 is the finite-dimensional space of harmonic 1−forms. Putting
V = {Curlψ : ψ ∈ C∞(M)} , H = VL2(TM) , V = VH1(TM),
endowed with the norms
‖u‖2H = 〈u, u〉 , ‖u‖2V = 〈Au, u〉 = 〈Curlnu,Curlnu〉 .
Since divu = 0, we have the Poincaré inequality
‖u‖H 6 λ−1/21 (‖u‖V + ‖divu‖H) = λ−1/21 ‖u‖V (2.4)
where λ1 is the first eigenvalue of the Stokes operator A = CurlCurln (see the below propo-
sition). We know that
‖u‖H1(TM) = ‖u‖2L2(TM) + ‖divu‖2L2(M) + ‖Curlnu‖2L2(M) . (2.5)
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Since the inequalities (2.4), (2.5) and divu = 0 on V , the norms on H1 and V are equivalent
for all u ∈ V . In the rest of this paper, we denote ‖.‖L2 := |.|, ‖.‖V := ‖.‖ and ‖.‖H1 := ‖.‖1.
Let P : L2(TM) → H be the orthogonal projection i.e Helmholtz-Leray projection on
H , and let A = −P∆ = −∆P = CurlCurln be the Stokes operator with domain D(A) =
H2(TM) ∩ V . Considering the linear Stokes problem
Au+ gradp = f, divu = 0. (2.6)
Taking the inner product of this equation with v ∈ V we get
〈Curlnu,Curlnu〉 = 〈f, u〉 ⇔ ‖u‖V = 〈f, u〉 .
By Lax-Milgram theorem, for each f ∈ H−1(TM) the weak solution of (2.6) exists and in
unique. Hence A : H1(TM) −→ H−1(TM) is a linear operator with compact inverse. As
a direct consequence, we find that problem (2.6) has an orthonormal smooth eigenfunctions
ωi (dense in H and V ) i.e
CurlCurlnωi = λiωi, divωi = 0.
The relations between the eigenfunctions ωi and the ones ψi of the scalar Laplacian ∆ =
divgrad on M are
−∆ψi = λiψi, ωi = n× gradψi = −Curlψi.
We summarize the properties of the Stokes operator A in the following proposition
Proposition 2.2. The operator A = CurlCurln is unbounded, positive, self-adjoint, symmet-
ric in H with eigenvalues 0 < λ1 6 λ2 6 ... which is only accumulation point +∞. Moreover,
the eigenvalues correspond to an orthonormal basis in H (which is also orthogonal in V ).
2.2 The simplified Bardina equations
In 1980 Bardina et al. [2] introduced a particular sub-grid scalar model which was later
simplified by Layton and Lewandowski [18] (therefore, we call this system by simplified
Bardina equation):


vt − ν∆v + (u · ∇)u+∇p = f,
∇ · v = ∇ · u = 0,
v = u− α2∆u,
u(0) = u0,
(2.7)
where the unknowns are the fluid velocity vector field v, the ”filtered” velocity vector field u
and the ”filtered” pressure scalar p. Besides, the constant ν > 0 is the kinematic viscosity
coefficient and f is the body force assumed to be time independent. On 2-dimension closed
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manifold M with u0 ∈ V ⊕H1 and f ∈ H ⊕H1, by the equalities (2.1), (2.2) and (2.3) the
simplified Bardina equation can be written as

vt + νCurlCurlnv + grad
u2
2
− u× Curlnu+∇p = f,
∇ · v = ∇ · u = 0,
v = u− α2∆u,
u(0) = u0.
(2.8)
Recall that P is orthogonal projection on H namely Helmholtz projection. Denote by Q the
projection of L2(M) on the space of harmonic forms H1. Putting
f = f1 + f2, u(t) = u1(t) + u2(t), f1, u1(t) ∈ V, f2, u2(t) ∈ H1,
u0 = u10 + u20, u10 = P(u0) ∈ V, u20 = Q(u0) ∈ H1.
Applying the projection P+Q on the simplified Bardina equation (2.8), we get
d
dt
(u1 + α
2Au1) + νAu1 + P(Curlnu1 × u1 + Curlnu1 × u2) = f1, (2.9)
d
dt
u2 +Q(Curlnu1 × u1 + Curlnu1 × u2) = f2 (2.10)
For the equations (2.9) and (2.10) become dissipative, some dissipative term must be added
to these equations for example σu. Therefore, we obtain
d
dt
(u1 + α
2Au1) + νA(u1 + α
2Au1) + P(Curlnu1 × u1 + Curlnu1 × u2) + σu1 = f1, (2.11)
d
dt
u2 +Q(Curlnu1 × u1 + Curlnu1 × u2) + σu2 = f2. (2.12)
These equations can be expressed in the simple form as
d
dt
(u+ α2Au) + νA(u+ α2Au) + B(u, u) + σu = f, (2.13)
or
d
dt
v + νAv + B(u, u) + σu = f,
where
B(u, u) = (P+Q)(Curlnu× u).
Definition 2.3. Let f ∈ H ⊕H1 and u0 ∈ V ⊕H1 and T > 0. A weak solution of Equation
(2.13) is a u = u1 + u2 : u1 ∈ L2([0, T ], D(A)) ∩ C([0, T ], V ) and u2 ∈ C1([0, T ],H1) with
du1
dt
∈ L2([0, T ], H) satisfied for each ω = ω1 + ω2 : ω1 ∈ D(A) and ω2 ∈ H1:
∂t 〈v, w〉+ ν 〈Curlnv,Curlnw〉+ b(u, u, ω) + σ 〈u, ω〉 = 〈f, ω〉 , (2.14)
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where b(u, u, ω) =
∫
M
〈B(u, u), ω〉dM = ∫
M
Curlnu × u · ωdM . Equation (2.14) can be un-
derstood in the sense that for almost everywhere t0, t ∈ [0, T ], we have the intergral equation
〈v(t), ω〉 − 〈v(t0), ω〉+ ν
∫ t
t0
〈v(s), Aω〉 ds +
∫ t
t0
〈B(u(s), u(s)), ω〉ds
+ σ
∫ t
t0
〈u(s), ω〉 ds =
∫ t
t0
〈f, ω〉 ds.
The bilinear operator b(u, u, ω) is generalized by trilinear form b(u, v, ω) on H1(TM)3 as
following formula
b(u, v, ω) =
∫
M
∇uv · ωdM =
∫
M
uk∇kviωjgijdM
=
1
2
∫
M
(−u× v · Curlnω + Curlnu× v · ω − u× Curlnv · ω) dM,
where u, v, ω ∈ H1(TM).
Lemma 2.4. The trilinear for b(u, v, ω) has the following properties (see [21, 24, 25])
i) |b(u, v, ω)| 6 c ‖u‖1 ‖v‖1 ‖ω‖1.
ii) |b(u, u, v)| 6 c′|u| ‖u‖1 ‖v‖1 .
iii) If divu = 0 then b(u, v, v) = 0, b(u, v, ω) = −b(u, ω, v) and b(u, u, Au) = 0.
3 Solvability and the existence of globall attractor
3.1 The existence and uniqueness of the weak solutions
We state and prove the existence and uniqueness of the weak solution of Equation (2.13)
in the following theorem
Theorem 3.1. Let u0 ∈ V ⊕ H1 and f ∈ H ⊕ H1, then the equations (2.11) and (2.12)
i.e equation (2.13) posseses a unique weak solution u = u1 + u2: u1 ∈ L2([0, T ], D(A)) ∩
C([0, T ], V ) and u2 ∈ C1([0, T ],H1).
Proof. The proof of the theorem is according the Galerkin scheme and then using Aubin’s
lemma. Recall that the orthonormal basis of H is {ωi}∞1 i.e the eigenfunctions of the Stokes
operator A = CurlCurln. Let {hj}n1 be an orthonormal basis of the space of harmonic forms
H1. Then we obtain that {ωi ⊕ hj}i=∞,j=ni=1,j=1 := {ζm}∞1 be an orthonormal basis of H ⊕ H1.
The finite dimensional Galerkin approximation, based on this basis to the equation (2.13) is{
d
dt
(um + α
2Aum) + νA(um + α
2Aum) + PmB(um, um) + σum = Pmf,
um(0) = Pmu(0),
(3.1)
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where um := Pmu = um1 + um2 and Pmf = fm1 + fm2.
Step 1. H1-estimates. Taking the scalar product in L2(TM) of (3.1) and um, we get
1
2
d
dt
(|um|2 + α2 ‖um1‖2) + ν(‖um1‖2 + α2|Aum1|2) + σ(|um1|2 + |um2|2)
= | 〈Pmf, um〉 | = | 〈f, um〉 |
6 | 〈f1, um1〉 |H + | 〈f2, um2〉 |H1 .
By Cauchy-Schwarz inequality, we have
| 〈f1, um1〉 | 6 |A−1f1||Aum1|, |A−1/2f1| ‖um1‖
and by Young’s inequality we have
| 〈f1, um1〉 | 6 |A
−1f1|2
2να2
+
ν
2
α2|Aum1|2, |A
−1/2f1|2
2ν
+
ν
2
‖um1‖2 .
And clearly that
| 〈f2, um2〉 |H1 6 1
2
( |f2|2
σ
+ σ|um2|2
)
.
Putting L1 = min
{ |A−1f1|2
να2
,
|A−1/2f1|2
ν
,
|f2|2
σ
}
, using the inequalities above we obtain that
d
dt
(|um|2 + α2 ‖um1‖2) + ν(‖um1‖2 + α2|Aum1|2) + σ(2|um1|2 + |um2|2) 6 L1. (3.2)
Combining |um1| 6 λ−1/21 ‖um1‖ and |Curlnum1| 6 λ−1/21 |Aum1|, we get
d
dt
(|um|2 + α2 ‖um1‖2) + νλ1(|um1|2 + α2 ‖um1‖2) + σ(2|um1|2 + |um2|2) 6 L1,
which gives (since Aum1 = Aum)
d
dt
(|um|2 + α2 ‖um‖2) + δ(|um|2 + α2 ‖um‖2) 6 L1,
where δ = min {νλ1, σ} . Using Gronwall’s inequality we obtain that
|um|2+α2 ‖um‖2 6 e−δt(|um0|2 +α2 ‖um0‖2) + L1
δ
(1− e−δt) 6 |um0|2+α2 ‖um0‖2 + L1
δ
:= l1.
(3.3)
Therefore, for 0 < T < +∞, then um ∈ L∞([0, T ], V ⊕H1) where the bound is uniform in
m, provided by um0 := um(0) ∈ V ⊕H1.
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Step 2. H2-estimates. Integrating inequality (3.2) over (t, t+ r), we get
ν
∫ t+r
t
(‖um1(s)‖2 + α2|Aum1(s)|2)ds 6 rL1 + |um(t)|2 + α2 ‖um1(t)‖2
6 rL1 + l1. (3.4)
Taking now the inner product of the Galerkin approximation (3.1) with Aum = Aum1, and
note that (see [25] Lemma 3.1)
〈Curlnum1 × um1, Aum1〉 = 〈Curlnum1 × u2, Aum1〉 = 0,
we get
1
2
d
dt
(‖um1‖2 + α2|Aum1|2) + ν(|Aum1|2 + α2|A3/2um1|2) + σ ‖um1‖2 6 | 〈f1, Aum1〉 |.
Observe that
| 〈f1, Aum1〉 | 6 |A−1/2f1||A3/2um1|, |f1||Aum1|.
Using again Young’s inequality we have
| 〈f1, Aum1〉 | 6 |A
−1/2f1|2
να2
+
ν
4
α2|A3/2um1|2, |f1|
2
ν
+
ν
4
|Aum1|2.
Putting L2 = min
{ |A−1/2f1|2
να2
,
|f1|2
ν
}
, then we have
d
dt
(‖um1‖2 + α2|Aum1|2)+ 3ν
2
(|Aum1|2 + α2|A3/2um1|2)+ 2σ ‖um1‖2 6 2L2.
Combining with |Aum1| 6 λ−11 |A3/2um1|2 (Poincaré inequality), we get
d
dt
(‖um1‖2 + α2|Aum1|2)+ δ′(‖um1‖2 + α2|Aum1|2) 6 2L2.
where δ′ = min
{
3νλ1
2
, 2σ
}
. hence
d
dt
(‖um1‖2 + α2|Aum1|2) 6 2L2. (3.5)
Integrating the above inequality over (s, t) to obtain that
‖um1(t)‖2 + α2|Aum1(t)|2 6 ‖um1(s)‖2 + α2|Aum1(s)|2 + 2(t− s)L2, (3.6)
continuting integrating over (0, t) and using (3.4) to obtain that
t
(‖um1(t)‖2 + α2|Aum1(t)|2) 6 1
ν
(tL1 + l1) + t
2L2, (3.7)
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for all t > 0. For t >
1
νλ1
, we integrate (3.5) over
(
t− 1
νλ1
, t
)
to establish
1
νλ1
(‖um1(t)‖2 + α2|Aum1(t)|2) 6 1
ν
(
1
νλ1
L1 + l1
)
+ 2L2
(
1
2νλ1
)2
. (3.8)
The inequalities (3.7) and (3.8) yeild that there exists a function l2(t) satisfied the following
conditions
i) For all t > 0 then l2(t) < +∞ and limt→+∞ l2(t) < +∞,
ii) If u10 ∈ V but u10 /∈ D(A), then limt→0+ l2(t) = +∞.
and
‖um1(t)‖2 + α2|Aum1(t)|2 6 l2(t), t > 0.
Remark 3.2. Inequality (3.6) yields that if u10 := u1(0) ∈ D(A), then um1(.) is bounded
uniformly in L∞([0, T ], D(A)) independently of m. On the other hand, if u10 ∈ V but
u10 /∈ D(A), then um1 ∈ L∞loc((0, T ], D(A)) ∩ L2([0, T ], D(A)).
Step 3. Estimates for
dvm
dt
and
dum
dt
. For each ω = ω1 + ω2 where ω1 ∈ D(A) and
ω2 ∈ H1, we have
d
dt
〈vm, ω〉 = −ν 〈Avm1, ω1〉 − 〈PmB(um, um)), ω〉 − σ 〈um, ω〉+ 〈Pmf, ω〉 .
Since um1 is uniformly bounded respect to m in L
2([0, T ], D(A)), hence vm1 is uniformly
bounded in L2([0, T ], H), as a consequence Avm1 is uniformly bounded in L
2([0, T ], D(A)′).
Now we observe that
| 〈Pmf, ω〉 | = | 〈f, Pmω〉 | 6 | 〈f1, ω1〉 |H + | 〈f2, ω2〉 |H1
6 |A−1f1||Aω1|+ |f2||ω2| 6 λ−11 |f1||Aω1|+ |f2||ω2|.
By ii) Lemma 2.4
| 〈PmB(um, um), ω〉 | 6 |b(um, um, ω)| 6 c′|um| ‖um‖1 ‖ω‖1
6 c′|um|(‖um1‖+ |um2|)(‖ω1‖+ |ω2|)
6 c′|um|(‖um1‖+ |um2|)
(
λ
−1/2
1 |Aω1|+ |ω2|
)
.
Moreover
| 〈um, ω〉 | 6 | 〈um1, ω1〉 |+ | 〈um2, ω2〉 |
6 |A−1um1||Aω1|+ |um2||ω2|
6 λ−11 |um1||Aω1|+ |um2||ω2|.
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We therefore conclude
∥∥∥∥dvmdt
∥∥∥∥
L2([0,T ],(D(A)⊕H1)′)
and
∥∥∥∥dumdt
∥∥∥∥
L2([0,T ],H⊕H1)
are uniformly bounded
with respect to m. By Aubin compactness theorem, there is a subsequene um′(t) and a func-
tion u(t) such that
um′(t) −→ u(t)weakly inL2([0, T ], D(A)⊕H1),
um′(t) −→ u(t) strongly inL2([0, T ], V ⊕H1),
um′ −→ u inC([0, T ], H ⊕H1).
These are equivalent to
vm′(t) −→ v1(t)weakly inL2([0, T ], H ⊕H1),
vm′(t) −→ v1(t) strongly inL2([0, T ], (V ⊕H1)′),
vm′ −→ v1 inC([0, T ], (D(A)⊕H1)′).
Now relabel um′ (resp. vm′) by um (resp. vm). For ω = ω1 + ω2 where ω1 ∈ D(A) and
ω2 ∈ H1, we have
〈vm(t), ω〉 + ν
∫ t
t0
〈vm1(s), Aω1〉 ds+
∫ t
t0
〈B(um(s), um(s)), Pmω〉 ds
+σ
∫ t
t0
〈um(s), Pmω〉 ds = 〈vm(t0), ω〉+ 〈f, Pmω〉 (t− t0)
for all t0, t ∈ [0, T ]. Since the sequence vm(t) converges weakly in L2([0, T ], H ⊕H1), vm1(t)
converges weakly in L2([0, T ], H) then
lim
m→∞
∫ t
t0
〈vm1(s), Aω1〉 ds =
∫ t
t0
〈v1(s), Aω1〉 ds,
and there is a subsequence of vm and relabel by vm which converges almost everywhere on
[0, T ] to v(t) in (H ⊕H1)′ ≃ H ⊕H1. Therefore
〈vm(t), ω〉 −→ 〈v(t), ω〉 ,
〈vm(t0), ω〉 −→ 〈v(t0), ω〉 ,
almost everywhere for t, t0 ∈ [0, T ].
Now we treating the convergence of the nonlinear term
∫ t
t0
〈B(um(s), um(s)), Pmω〉 ds. We
have ∣∣∣∣
∫ t
t0
〈B(um(s), um(s)), Pmω〉 − 〈B(u(s), u(s)), ω〉ds
∣∣∣∣
12
6∣∣∣∣
∫ t
t0
〈B(um(s), um(s)), Pmω − ω〉 ds
∣∣∣∣ := IIm
+
∣∣∣∣
∫ t
t0
〈B(um(s)− u(s), um(s)), ω〉
∣∣∣∣ := IIIm
+
∣∣∣∣
∫ t
t0
〈B(u(s), um(s)− u(s)), ω〉
∣∣∣∣ := IIIIm .
To estimate IIm, we observe that there exists a constant c
′′ > 0 such that
| 〈B(um(s), um(s)), Pmω − ω〉 | 6 c′′ ‖um(s)‖1 ‖Pmω − ω‖L∞(TM) |um(s)|.
Applying Agmon inequality in 2-dimension: ‖ω‖L∞(TM) 6 C|ω|1/2L2(TM) ‖ω‖1/2H2(TM), we get
| 〈B(um(s), um(s)), Pmω − ω〉 | 6 c′′C|um(s)| ‖um(s)‖1 |Pmω−ω|1/2(|A(Pmω1−ω1)|+|Pmω2−ω2|)1/2.
Therefore
IIm 6 c
′′C
(∫ t
t0
|um(s)|2ds
)1/2(∫ t
t0
‖um(s)‖21 ds
)1/2
|Pmω−ω|1/2(|A(Pmω1−ω1)|+|Pmω2−ω2|)1/2.
Since um is uniformly bounded in L
∞([0, T ], V ⊕ H1) and um is uniformly bounded in
L∞([0, T ], H ⊕H1) independent of m (Step 1), we obtain that limm→∞ IIm = 0.
Similarly, Agmon inequality and Poincaré inequality yeild that
‖ω‖L∞(TM) 6 C|ω|1/2L2(TM) ‖ω‖1/2H2(TM) 6 C(|ω1|+ |ω2|)1/2(|Aω1|+ |ω2|)1/2
6 C(λ−11 |Aω1|+ |ω2|)1/2(|Aω1|+ |ω2|)1/2,
then IIIm can be estimated as
IIIm 6 C
(∫ t
t0
|um(s)− u(s)|2ds
)1/2(∫ t
t0
‖um(s)‖21
)1/2
(λ−11 |Aω1|+ |ω2|)1/2(|Aω1|+ |ω2|)1/2.
Combining with um → u strongly in L2([0, T ], V ⊕ H1) and the boundedness of ‖um‖1, we
get limt→∞ I
II
m = 0. By the same manner we also have limt→∞ I
III
m = 0. Since that∫ t
t0
〈B(um(s), um(s)), Pmω〉 ds −→
∫ t
t0
〈B(u(s), u(s)), ω〉ds asm→∞.
We conclude that for almost everywhere t0, t ∈ [0, T ] and every ω ∈ D(A)⊕H1:
〈v(t), ω〉 − 〈v(t0), ω〉+ ν
∫ t
t0
〈v1(s), Aω1〉 ds +
∫ t
t0
〈B(u(s), u(s)), ω〉ds+ σ
∫ t
t0
〈u(s), ω〉ds
=
∫ t
t0
〈f, ω〉 ds.
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Now since v1 ∈ L2([0, T ], H) and ω1 ∈ D(A), we have∣∣∣∣
∫ t
t0
〈v1(s), Aω1〉 ds
∣∣∣∣ 6
(∫ t
t0
|v1(s)|2ds
)1/2(∫ t
t0
|Aω1|2ds
)1/2
→ 0 as t→ t0.
And since u ∈ L∞([0, T ], V ⊕H1), then∣∣∣∣
∫ t
t0
〈B(u(s), u(s)), ω〉ds
∣∣∣∣ 6
|ω|L∞(TM)
(∫ t
t0
|u(s)|2ds
)1/2(∫ t
t0
∥∥u(s)∥∥21 ds
)1/2
−→ 0 as t→ t0.
Therefore for almost everywhere t0, t ∈ [0, T ], then 〈v(t), ω〉 −→ 〈v(t0), ω〉 as t→ t0 for every
ω ∈ D(A) ⊕ H1. Since D(A) ⊕ H1 is dense in V ⊕ H1 we have 〈v(t), ω〉 −→ 〈v(t0), ω〉 as
t→ t0 for every ω ∈ V ⊕H1 and conclude v ∈ C([0, T ], (V ⊕H1)′) and u ∈ C([0, T ], V ⊕H1).
The existence of the solution u for equation (2.13) is hold. Finally, u2 ∈ C1([0, T ],H1) is a
general property of solutions of linear finite-dimensional systems of differential equations.
Step 4. Uniqueness. Now we prove the uniqueness of the solution of Equation (2.13).
Suppose that ω = ω1+ω2 is another solution of (2.13). Putting z = u−ω, hence z0 = 0 and
d
dt
(z + ω + α2A(z1 + ω1)) + νA(z1 + ω1 + α
2A(z1 + ω1)) + B(z + ω, z + ω) + σ(z + ω) = f.
Subtracting this equation with
d
dt
(ω + α2Aω1) + νA(ω1 + α
2Aω1) + B(ω, ω) + σω = f,
we obtain the variation form
d
dt
(z + α2Az1) + νA(z1 + α
2Az1) + B(ω, z) + B(z, ω) + σz = 0.
Taking the scalar product in L2(TM) of the above equation and z
d
dt
(|z|2 + α2 ‖z1‖2) + 2ν(‖z1‖2 + α2|Az1|2) + 2b(z, ω, z) + σ|z|2 = 0.
Using ii) in Lemma 2.4, we get
d
dt
(|z|2 + α2 ‖z1‖2) + 2ν(‖z1‖2 + α2|Az1|2) + σ|z|2 = 2b(z, z, ω) 6 2c′|z| ‖z‖1 ‖ω‖1 .
Putting z(t) = eνtz˜(t), we obtain that
d
dt
(|z˜|2 + α2 ‖z˜1‖2) + 2ν(|z˜|2 + ‖z˜1‖2 + α2 ‖z˜1‖2 + α2|Az˜1|2) + σ|z˜|2 6 2c′|z˜| ‖z˜‖1 ‖ω‖1
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hence
d
dt
(|z˜|2 + α2 ‖z˜1‖2) + 2ν ‖z˜‖21 6 2ν ‖z˜‖21 +
2c′
ν
|z˜|2 ‖ω‖21
hence
d
dt
(|z˜|2 + α2 ‖z˜1‖2) 6 2c
′
ν
(|z˜|2 + α2 ‖z˜1‖2) ‖ω‖21 .
Using Gronwall inequality, we can establish that
|z˜(t)|2 + α2 ‖z˜1(t)‖2 6
(|z˜0|2 + α2 ‖z˜10‖2) exp
(∫ t
0
2c′
ν
‖ω(s)‖21 ds
)
.
Since z˜0 = 0, we obtain that z˜ = 0. The proof of uniqueness is completed.
3.2 The modified Euler equations
In this subsection we consider the global well-posedness of the modified Euler equation
i.e the inviscid Bardina equation 

vt +B(u, u) = f.,
∇ · v = ∇ · u = 0,
v = u− α2∆u,
u(0) = u0.
(3.9)
It reduces to the Euler equation when α = 0.
Definition 3.3. Let f ∈ H ⊕H1 and u0 ∈ V ⊕H1 and T > 0. A weak solution of Equation
(3.9) is a u = u1 + u2 : u1 ∈ L2([0, T ], D(A)) ∩ C([0, T ], V ) and u2 ∈ C1([0, T ],H1) with
du1
dt
∈ L2([0, T ], H) satisfied for each ω ∈ D(A)⊕H1:
∂t 〈v, w〉+ b(u, u, ω) = 〈f, ω〉 , (3.10)
where b(u, u, ω) = − ∫
M
u× Curlnu · ωdM .
The main theorem of this section is
Theorem 3.4. i) Suppose that f ∈ H ⊕H1 and u0 ∈ V ⊕H1 (resp. in D(A)⊕H1). Then,
there exists a subsequence uνk such that νk −→ 0 and uνk −→ u0 strongly in L2([0, T ], V ⊕
H1)∩C1([0, T ], V ⊕H1) and weakly in L2([0, T ], D(A)⊕H1)∩C1([0, T ], V ⊕H1) and u0 is
a wealk solution of the modified Euler equation.
ii) Suppose that Curlnu0, Curlnf ∈ L∞(M) i.e u0 ∈ V ⊕H1 and f ∈ (V ⊕H1)′, then the
weak solution of the modified Euler equation is unique and this solution can be extended on
full real line R.
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Proof. i) Considering again Bardina equation (2.14), we now choose νk −→ 0. Using the same
estimates in the proof of Theorem 3.3, we obtain that there is a subsequence of νk, relabel by
νk such that u
νk −→ u0 weakly in L2([0, T ], D(A)⊕H1) and strongly in L2([0, T ], V ⊕H1).
Passing to the limit in equation (2.14) we find that the limit function u0 satisies equation
(3.10). The continuity of u0 in V ⊕H1 is done by the same way in the proof of Theorem 3.3.
ii) The proof of the uniqueness is done by the same manner in the proof of Theorem 3.2
in [21]. The extension of u on (−∞,+∞) can be done by the same manner in Theorem 7.1
in [4] for the case with periodic boundary condition.
3.3 The existence of attractor
We recall the H1-estimates which are obtained in the previous section
|u(t)|2 + α2 ‖u(t)‖2 6 e−δt(|u0|2 + α2 ‖u0‖2) + L1
δ
(1− e−δt). (3.11)
Therefore
lim
t→∞
sup(|u(t)|2 + α2‖u(t)‖2) 6 L1
δ
.
It follows that
lim
t→∞
|u(t)| 6 1
2
ρ0 := [(1 + α
2λ1)δ]
−1/2
√
L1,
lim
t→∞
‖u(t)‖ 6 1
2
ρ1 := (α
2δ)−1/2
√
L1.
Since that after long enough time, the solution u(t) enters a ball in H , centered at the origin,
with radius ρ0. Also, u(t) enters a ball in V with radius ρ1.
Now we have the H2-estimates as
‖u1(t)‖2 + α2|Au1|2 6 e−δ′t(‖u10‖2 + α2|Au10|2) + L2
δ′
(1− e−δt). (3.12)
Hence
lim
t→∞
sup(‖u(t)‖2 + α2|Au(t)|2) 6 L2
δ′
.
This yeilds that
lim
t→∞
‖u(t)‖ 6 1
2
ρ˜1 := [(1 + α
2λ1)δ
′]−1/2
√
L2,
lim
t→∞
|Au(t)| 6 1
2
ρ2 := (α
2δ)−1/2
√
L2.
Therefore ‖u(t)‖ 6 min {ρ1, ρ˜1} for t is large enough. Also u(t) enters in the ball with radius
ρ2 in D(A) after long enough time. Since v = u+ α
2Au, then
lim
t→∞
sup |v(t)| 6 lim
t→∞
(|u(t)|+ α2|Au(t)|) 6 ρ0 + α
2ρ2
2
.
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So that if the space V ⊕H1 is equipped the following scalar product
[u, v]V⊕H1 = α
2 〈Curlnu,Curlnv〉+ 〈u, v〉 , (3.13)
then after long enough time, v(t) enters a ball in V ⊕ H1 with the radius ρ = ρ0 + α
2ρ2
2
.
This means that the semigroup St generated by (2.13) acts on V ⊕H1, it has an absorbing
ball BV⊕H1(0) ⊂ V ⊕H1 with the radius ρ. Proving the existence of absorbing ball BD(A)(0)
in D(A)⊕H1 is similar.
Now following Rellich lemma S(t) : V ⊕ H1 −→ D(A) ⊕ H1 ⊂⊂ V ⊕ H1, for t > 0,
is a compact semigroup from V into itself. Since S(t)BV⊕H1(0) ⊂ BV⊕H1(0), then the set
Cs := ∪t>sS(t)BV⊕H1(0)V⊕H
1
is nonempty and compact in V ⊕ H1. By the monotonic
property of Cs for s > 0 and by the finite intersection property of compact sets, the set
A = ∩s>0Cs ⊂ V ⊕H1
is a nonempty compact set, and also the unique global attractor in V ⊕H1.
4 Dimensions of globall attractor
4.1 Familiar theorems
To obtain an upper estimate of the Hausdorff and fractal dimensions of the attractor.
We shall using the following familiar theorem obtained in [6, 7, 40]:
Theorem 4.1. Let H be Hilbert space, X be a compact set in H and St the nonlinear
continuous semigroup generated by the evolution equation
∂tu = F (u), u(0) = u0,
and suppose that
StX = X ∀t > 0.
We assume that the mapping u0 −→ Stu0 is uniformly differentiable in H and for any u0 ∈ X
the differential is a linear operator L(t, u0) : ζ ∈ H −→ U(t) ∈ H, where U(t) is the solution
of the first variation equation
∂tU = F
′(Stu0)U, U(0) = ζ. (4.1)
For N > 1, n ∈ N, we define the global Lyapunov exponents qN by
qN = lim
t→∞
sup
u0∈X
sup
ζi∈H,‖ζi‖61
(
1
t
∫ t
0
TrF ′(Sτu0) ◦QN(τ)dτ
)
, (4.2)
where QN(τ) is the orthogonal projection in H into Span
{
U1(τ)...UN (τ)
}
, and U i(t) is the
solution of (4.1) with U i(0) = ζi. Suppose N∗ > 1 is such that for all N > N∗, qN < 0. The
the Hausdorff dimension of X is less than or equal to N∗:
dimH X 6 dimF 6 N∗.
To treating the norm of the nonlinear temrs on two dimension closed manifold we need
the Sobolev-Lieb-Thirring inequalities on manifolds which is considered initially in [13]:
Theorem 4.2. Let ψ1, ψ2...ψN ∈ H1(M) be scalar functions onM that form a sub-orthonormal
family in L2(M):
∑N
i,j=1 ζiζj(ψi, ψj) 6
∑N
i=1 ζ
2
i . Let
∫
ψdM = 0. Then
∫ ( N∑
i=1
ψ2i
)2
dM 6 k1
N∑
i=1
∫
|∇ψi|2dM,
where the constant k1 = k1(M) is independent of N and is invariant under homothety
M −→ λM , that is , it depends only on the shape of M .
Particularly, the constant k1 is studied and improved on the sphere and torus in the
recent years by Ilyin et al. [30, 31].
4.2 Estimate the Hausdorff and fractal dimensions
We shall estimate the dimension of the attractor in the Hilbert space V ⊕H1 equipped
with the scalar product (3.13)
[u, v]V⊕H1 = α
2 〈Curlnu,Curlnv〉+ 〈u, v〉 = α2 〈u,Av〉+ 〈u, v〉 . (4.3)
We can easily obtain the variation form for viscous simplified Bardina model on V ⊕H1:
d
dt
δv + νAδv + B(δu, u) + B(u, δu) + σδu = 0,
where B(u, v) = (P+Q)(Curlnv × u).
By the relation v1 = (I + α
2A)u1, v2 = u2, then δu evolves according to the system
d
dt
δu1 + νAδu1 + (I + α
2A)−1P[Curlnδu× u+ Curlnu× δu+ σδu1] = 0,
d
dt
δu2 +Q[Curlnδu× u+ Curlnu× δu+ σδu2] = 0.
They can be expressed in the simply form as
d
dt
δu+ νAδu+ ((I + α2A)−1P+Q)[Curlnδu× u+ Curlnu× δu+ σu] = 0.
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Putting U := δu and F ′(u(t))U = −
(
νAU + ((I + α2A)−1P+Q)[B˜(u, U) + σu]
)
, where
B˜(u, U) = CurlnU × u+ Curlnu× U , we get
d
dt
U = F ′(u(t))U.
Let an orthonormal basis (in the sense of (4.3)) in the space
QN (τ)(V ⊕H1) = Span
{
U1(τ), U2(τ)...UN (τ)
}
be formed by the vectors
~vi = (vi(τ), 0)
T , ~hj = (0, hj(τ))
T ,
where i = 1, 2...p, j = 1, 2...l with p+ l = N . We shall denote these vectors as
{~ωk}Nk=1 = {~vi}pi=1 ∪
{
~hj
}l
j=1
.
Now we have
TrF ′(u(τ)) ◦QN (τ) = −
N∑
k=1
[F ′(u(τ))~ωk, ~ωk]
= −
N∑
k=1
ν[A~ωk, ~ωk] + [(I + α
2A)−1PB˜(u, ~ωk), ~ωk]
−
N∑
k=1
[QB˜(u, ~ωk), ~ωk]−
p∑
i=1
[(I + α2A)−1σ~vi, ~vi]−
l∑
j=1
〈
σ~hj ,~hj
〉
= −
p∑
i=1
(ν ‖~vi‖2 + σ|~vi|2 + να2|A~vi|2)− σl −
N∑
k=1
〈
PB˜(u, ~ωk), ~ωk
〉
−
N∑
k=1
〈
QB˜(u, ~ωk), ~ωk
〉
−
N∑
k=1
α2
〈
QB˜(u, ~ωk), A~ωk
〉
= −
p∑
i=1
(ν ‖~vi‖2 + σ|~vi|2 + να2|A~vi|2)− σl −
N∑
k=1
〈B(~ωk, u), ~ωk〉 (since 〈B(u, ~ωk), ~ωk〉 = 0)
−
l∑
j=1
〈
Q(Curlnu×~hj),~hj
〉
−
N∑
k=1
α2
〈
QB˜(u, ~ωk), A~ωk
〉
= −
p∑
i=1
(ν ‖~vi‖2 + σ|~vi|2 + να2|A~vi|2)− σl − 〈B(~vi, u), ~vi〉
19
6 −
p∑
i=1
(ν ‖~vi‖2 + να2|A~vi|2) + | 〈B(~vi, u), ~vi〉 | (4.4)
since
〈
QB˜(u,~vi), A~vi
〉
= 0 and
〈
Q(Curlnu×~hj),~hj
〉
= 0 (see Lemma 2.4). Now we have
(see Lemma 3.2 [26])
|
p∑
i=1
〈B(~vi, u), ~vi〉 | 6
p∑
i=1
|~vi × Curlnu · ~vi|
6
1√
2
p∑
i=1
|Curlnu||~vi|2 = ‖u‖ ‖ρ‖ ,
where ρ =
∑p
i=1 |~vi(x)|2. We can consider p = N and then using the Sobolev-Lieb-Thirring
inequality in Theorem 4.2, the right hand-side of (4.4) can be controlled as
TrF ′(u(τ)) ◦QN(τ) 6 −
N∑
i=1
(ν ‖~vi‖2 + να2|A~vi|2) + 1√
2
‖u‖ ‖ρ‖
6 −
N∑
i=1
(ν ‖~vi‖2 + να2|A~vi|2) + 1√
2
‖u‖
(
k1
N∑
i=1
‖~vi‖2
)1/2
6 −
N∑
i=1
(ν ‖~vi‖2 + να2|A~vi|2) +
√
k1
8ν
‖u‖
(
N∑
i=1
ν ‖~vi‖2
)1/2
+
√
k1
8νλ1α2
‖u‖
(
N∑
i=1
να2|A~vi|2
)1/2
6 −ν
2
(
N∑
i=1
‖~vi‖2 + α2|A~vi|2
)
+
k1
8ν
(
1 +
1
λ1α2
)
‖u‖2
6 −ν
2
N∑
i=1
λi +
k1
8ν
(
1 +
1
λ1α2
)
‖u‖2 . (4.5)
We recall the H2-estimate (3.5) which are obtained in the proof of Theorem 3.1
d
dt
(‖u‖2 + α2|Au|2)+ δ′ (‖u‖2 + α2|Au|2) 6 2L2
where L2 = min
{ |A−1/2f1|2
να2
,
|f1|2
ν
}
and δ′ = min
{
3νλ1
2
, 2σ
}
. Using Gronwall inequality we
get
‖u(t)‖2 + α2|Au(t)|2 6 e−δ′t(‖u0‖2 + α2|Au0|2) + 2L2
δ′
(1− e−δ′t) for all t > 0.
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This inequality yeilds that
lim
t→∞
sup sup
u0∈A
1
t
∫ t
0
‖u(τ)‖2 dτ 6 2L2
δ′
. (4.6)
Combining the inequalities (4.5) and (4.6), we deduce
qN 6 −ν
2
N∑
i=1
λi +
k1
4ν
(
1 +
1
λ1α2
)
L2
δ′
.
Due to the asymptotics of the spectrum of the Laplacian on M (see [36]) we have
N∑
i=1
λi > k2λ1N
2.
Therefore
qN 6 −ν
2
k2λ1N
2 +
k1
4ν
(
1 +
1
λ1α2
)
L2
δ′
.
Applying Theorem 4.1, the Hausdorff and fractal dimensions ofA are bounded byN∗ satisfied
qN(N∗) = 0. This gives
dimHA 6 dimFA 6 N∗
where
N∗ =
(
k1
2k2λ1ν2
(
1 +
1
λ1α2
)
L2
δ′
)−1/2
.
We summarize the above results by the following theorem
Theorem 4.3. The modified Bardina system on a two dimension closed manifold M pos-
sesses a global attractor A in the phase space V ⊕H1. The Hausdorff and fractal dimension
of A is finite and satisfy
dimHA 6 dimFA 6 N∗
where
N∗ =
(
k1
2k2λ1ν2
(
1 +
1
λ1α2
)
L2
δ′
)−1/2
,
with L2 = min
{ |A−1/2f1|2
να2
,
|f1|2
ν
}
and δ′ = min
{
3νλ1
2
, 2σ
}
.
5 Applications
5.1 Bardina equations on the sphere S2
5.1.1 Theorem of existence and uniqueness
This section, we consider the simplified Bardina equation on two dimensional simply
connected and closed manifolds M , where H1 = {0}. An example for this type manifold is
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the 2-dimensional sphere S2, for simplicity we take a unit sphere. In this case the modified
Bardina equation is dissipative and we need not to add the dissipative term σu such as
the generalized case. Since that the simplified Bardina equation on Hodge decomposition
C∞(TS2) = {∇ψ : ψ ∈ C∞(S2)} ⊕ {Curlψ : ψ ∈ C∞(S2)} takes the form
vt + νAv +B(u, u) = f, (5.1)
where A = CurlCurln and B(u, u) = −P(u× Curlnu).
Definition 5.1. Let f ∈ H assumed time-independent and u0 ∈ V and T > 0. A weak
solution of equation (5.1) is a u ∈ L2([0, T ], D(A)) ∩ C([0, T ], V ) with du
dt
∈ L2([0, T ], H)
satisfied for each ω ∈ D(A):
∂t 〈v, w〉+ ν 〈Curlnv,Curlnw〉+ b(u, u, ω) = 〈f, ω〉 ,
where b(u, u, ω) = 〈B(u, u), ω〉 = ∫
M
Curlnu× u · ωdS2.
The existence and uniqueness of the weak solutions are obtained again by the Galerkin
scheme and Aubin’s lemma. Here, we just obtain the H1- and H2-estimates which are more
simpler than the ones obtained in the generalized 2-dimensional closed manifolds.
H1-estimates. Taking the scalar product in L2(TS2) of Equation (5.1) and u, we get
1
2
d
dt
(|u|2 + α2 ‖u‖2) + ν(‖u‖2 + α2|Au|2) 6 | 〈f, u〉 |.
By Cauchy-Schwarz inequality, we have
| 〈f, u〉 | 6 |A−1f ||Au|,
and by Young’s inequality we have
| 〈f, u〉 | 6 |A
−1f |2
2να2
+
ν
2
α2|Au|2.
Therefore
d
dt
(|u|2 + α2 ‖u‖2) + ν(‖u‖2 + α2|Au|2) 6 |A
−1f |2
να2
. (5.2)
Combining |u| 6 λ−1/21 ‖u‖ and |Curlnu| 6 λ−1/21 |Au|, we get
d
dt
(|u|2 + α2 ‖u‖2) + νλ1(|u|2 + α2 ‖u‖2) 6 |A
−1f |2
να2
,
Using Gronwall’s inequality we obtain that
|u(t)|2 + α2 ‖u(t)‖2 6 e−νλ1t(|u0|2 + α2 ‖u0‖2) + |A
−1f |2
ν2α2λ1
(1− e−νλ1t). (5.3)
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H2-estimates. Taking now the inner product on L2(TS2) of Equation (5.1) with Au
with noting that 〈B(u, u), Au〉 = 0, we get
1
2
d
dt
(‖u‖2 + α2|Au|2) + ν(|Au|2 + α2|A3/2u|2) 6 | 〈f, Au〉 |.
Observe that by Cauchy-Schwarz and Young inequalities
| 〈f, Au〉 | 6 |A−1/2f ||A3/2u| 6 |A
−1/2f |2
2α2ν
+
α2ν
2
|A3/2u|2.
Therefore we have
d
dt
(‖u‖2 + α2|Au|2)+ ν (|Au|2 + α2|A3/2u|2) 6 |A−1/2f |2
α2ν
,
hence by Poincaré inequality
d
dt
(‖u‖2 + α2|Au|2)+ νλ1(‖u‖2 + α2|Au|2) 6 |A−1/2f |2
α2ν
.
By using Gronwall’s inquality we obtain that
‖u(t)‖2 + α2|Au(t)|2 6 e−νλ1t(‖u(0)‖2 + α2|Au(0)|2) + |A
−1/2f |2
ν2α2λ1
(1− e−νλ1t). (5.4)
Now we state the existence and uniqueness of the solution in the following theorem
Theorem 5.2. The weak solution of Equation (5.1) on S2 exists and unique, and u ∈
L2([0, T ], D(A)) ∩ C([0, T ], V ).
5.1.2 Compute the attractor dimension
In this section we shall calculate the explicit upper of the Hausdorff and fractal dimensions
in the case of the unit 2−sphere as well as an application of the Section 4.2. To do that we
need to determine the constants kj, j = 1, 2 in Theorem 4.3. Recall that the eigenfunctions
of the scalar Laplacian operator ∆ = divgrad are the spherical harmonic functions Ymn i.e
∆Ymn = n(n+ 1)Ymn, |m| 6 n.
The spectral of the operator A = CurlCurln on S
2 coincides with the ones of−∆ = −divgrad,
in details putting λn = n(n + 1) is an eigenvalue of multiplicity 2i + 1 for n = 1, 2... then
ωn = (λn)
−1/2CurlYmn, we have
CurlCurlnωn = λnωn, λn = [n
1/2]([n1/2] + 1).
Hence λ1 = 2 and the following inequality holds for above eigenvalue λn
N∑
n=1
λi >
1
2
N2.
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Therefore we obtain that k2 =
1
4
.
Following [30], the Sobolev-Lieb-Thirring on the sphere S2 is: for an orthonormal family
{ψi}Ni=1 ∈ H1(S2) with
∫
S2
ψidS = 0, we have
∫
S2
(
N∑
i=1
|ψi(s)|2
)2
dS 6
3
2π
N∑
i=1
‖∇ψj‖2 ,
hence k1 =
3
2π
.
Now we can apply the results which are obtained in Theorem 4.3 for the case of the
sphere S2
dimHA 6 dimFA 6
(
3
2πν2
(
1 +
1
2α2
)
L2
δ′
)−1/2
.
Actually, using the inequality (5.4) the constant
L2
δ′
can be estimated by
|A−1/2f |2
4ν2α2
, then by
|f |2
8ν2α2
. Therefore we obtain the following theorem
Theorem 5.3. The Hausdorff and fractal dimension of the attractor of Bardina equation in
the case of 2−sphere S2 can be estimate detailed as
dimHA 6 dimFA 6
(
1 +
1
2α2
)−1/2 √
3G
4
√
πα
,
and G :=
|f |
ν2
is the generalized Grashof number.
Remark 5.4. We can extend this result by considering the modified Bardina equations on the
domain Ω ⊂ S2 and use the Li-Yau-type inequality. Following [30] the Sobolev-Lieb-Thirring
for the orthonormal family {ψi}Ni=1 ∈ H10 (Ω) (with divψi = 0) on Ω is again
∫
Ω
(
N∑
i=1
|ψi(s)|2
)2
dS 6
3
2π
N∑
i=1
|∇ψi|2.
Hence k1 =
3
2π
. Following the Li-Yau-type inequality (see [29]), the sum of eigenvalues is
bounded lower by
N∑
i=1
λi >
2πN2
|Ω| +
N
2
>
2πN2
|Ω| ,
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where |Ω| denotes the volume of Ω. Therefore we obtain that
qN 6 −πN
2ν
|Ω| +
3
8πν
(
1 +
1
λ1α2
) |f |2
4ν2λ1α2
6 −πN
2ν
|Ω| +
3
64π2α2
(
1 +
1
λ1α2
) |f |2|Ω|
ν3
.
As a consequence
dimHA 6 dimFA 6
√
3
π
1
8πα
(
1 +
|Ω|
2πα2
)1/2
G,
where G :=
|f ||Ω|
ν2
.
5.2 Bardina equations on the square torus T 2
In this section we consider the modified Bardina equations on the 2-dimensional torus
T 2 = [0, L]2 with equal periodic. In this case the first eigenvalue is λ1 =
4π2
L2
. The existence
and uniqueness of the solutions are done by the same manner as on S2. We interest the
estimation of Hausdorff and fractal dimensions of attractor. It is obtained in [31] the Sobolev-
Lieb-Thirring inequality on T 2 as
Proposition 5.5. Let {ψi}Ni=1 ∈ H1(T 2) be an orthonormal system of functions with zero
mean:
∫
t2
ψ(x)dx = 0. Then, for ρ(x) :=
∑N
i=1 |ψi(x)|2, the following inequality holds∫
T 2
ρ(x)2dx 6
3
2π
N∑
i=1
|∇ψi|2.
We recall the estimate (4.5) which is obtained in Section 4.2
TrF ′(u(τ)) ◦QN (τ) 6 −ν
2
(
N∑
i=1
‖~vi‖2 + α2|A~vi|2
)
+
k1
8ν
(
1 +
1
λ1α2
)
‖u‖2 .
Now using this Sobolev-Lieb-Thirring inequality we have
N2 =
(∫
T 2
N∑
i=1
|vi|2 + α2 ‖vi‖2 dT 2
)2
6 2
(∫
T 2
N∑
i=1
|vi|2dT 2
)2
+ 2
(∫
T 2
N∑
i=1
α2 ‖vi‖2 dT 2
)2
6 2L2
(
‖ρ‖2 + ∥∥α2σ˜∥∥2) , where σ˜ = N∑
i=1
‖vi‖2
6
3L2
π
(
N∑
i=1
‖vi‖2 + α2|Avi|2
)
.
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As a consequence
qN 6 −νπN
2
6L2
+
3
16πν
(
1 +
L2
4π2α2
)
‖u‖2 .
The norm ‖u‖2 can be controlled by the same manner in the case sphere by
‖u‖2 6 |f |
2
ν2α2λ21
=
L4|f |2
16π4ν2α2
.
Therefore
qN 6 −νπN
2
6L2
+
3L4
162π5α2
(
1 +
L2
4π2α2
) |f |2
ν3
.
We conclude the boundedness of Hausdorff and fractal dimensions by
dimHA 6 dimFA 6 3
√
2L3
16π3α
(
1 +
L2
4π2α2
)1/2
G,
where G :=
|f |
ν2
is the generalized Grashof number.
6 Appendix
Sofar the existence of an inertial manifold ( i.e., a global invariant, exponentially at-
tracting, finite dimensional smooth manifold) for the Navier-Stokes equations is open prob-
lem. The principal reason is the nonlinear part of these equations that is very heavy to
control. However, for the Bardina equations (or the orther turbulance equations such as
Navier-Stokes-α and viscous Camassa-Holm), one can overcome this difficulty due to the
appearance of α leads to control the nonlinear part of the equations. Actually, in the case
of the simplified Bardina and Navier-Stokes-α equations with the periodic boundary condi-
tions, Titi et al. [14] proved the existence of inertial manifolds. In this part, we exploit the
work in [14] to prove the existence of an inertial manifold for the simplified Bardina model
on 2-dimension sphere S2.
We recall the previous estimate for long time behavior of the solutions, firstly the H1-
estimates (5.3):
|u(t)|2 + α2 ‖u(t)‖2 6 e−νλ1t(|u(0)|2 + α2 ‖u(0)‖2) + |A
−1f |2
ν2α2λ1
(1− e−νλ1t).
Therefore
lim
t→∞
sup(|u|2 + α2 ‖u‖2) 6 |A
−1f |2
ν2α2λ1
.
It follows that
lim
t→∞
|u(t)| 6 1
2
ρ0 := [(1 + α
2λ1)ν
2α2λ1)]
−1/2|A−1f |,
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lim
t→∞
‖u(t)‖ 6 1
2
ρ1 := (ν
2α4λ1)
−1/2|A−1f |.
Thanks to the above inequalities, we conclude that, the solution u(t), after long enough time,
enters a ball in H , centered at the origin, with radius ρ0. Also, u(t) enters a ball in V with
radius ρ1.
We now have the H2-estimates (5.4) as following
‖u(t)‖2 + α2|Au(t)|2 6 e−νλ1t(‖u(0)‖2 + α2|Au(0)|2) + |A
−1/2f |2
ν2α2λ1
(1− e−νλ1t),
hence
lim
t→∞
sup(‖u(t)‖2 + α2|Au(t)|2) 6 |A
−1/2f |2
ν2α2λ1
.
In particular, it follows that
lim
t→∞
sup ‖u(t)‖ 6 1
2
ρ˜1 := [(1 + α
2λ1)ν
2α2λ1]
−1/2|A−1/2f |,
lim
t→∞
sup |Au(t)| 6 1
2
ρ2 := (ν
2α4λ1)
−1/2|A−1/2f |.
Since that ‖u(t)‖ 6 min {ρ1, ρ˜1} for t is large enough. Also u(t) enters in the ball with radius
ρ2 in D(A) after long enough time. Since v = u+ α
2Au, we have
lim
t→∞
sup |v(t)| 6 lim
t→∞
sup |u(t)|+ α2|Au(t)| 6 ρ0 + α
2ρ2
2
.
Then after large time, v(t) enter a ball in H with the radius ρ = ρ0 + α
2ρ2. Note that
ρ0, ρ1, ρ˜1, ρ2 and ρ are equivalence ν
−1 asymptotically.
Denoting R(u) = B(u, u), then the Bardina equation takes the forms
d
dt
v + νAv +B(u, u) = f ∈ V ′, v(0) = v0. (6.1)
The above estimates yeild u(t) ∈ D(A) hence v(t) ∈ H for t > 0. Since we are concerning
the large-time behavior of solutions, without loss of generality we can assume v0 ∈ H . Let
v1, v2 ∈ H then u1, u2 ∈ D(A), and we have
|Au| = |A(I + α2A)−1v| 6 1
α2
|v|.
Using Hölder’s inequality and Ladyzhenskaya’s inequality: ‖φ‖L4 6 c ‖φ‖1/2L2 ‖∇φ‖1/2L2 , the
non-linear part B(u, v) can be estimated as
|B(u, v)| 6 c|u|1/2 ‖u‖1/2 ‖v‖1/2 |Av|1/2.
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Now using this estimate of B(u, v) and Poincaré inequality, we establish that
|R(v1)− R(v2)| = |B(u1, u1)− B(u2, u2)|
= |B(u1, u1 − u2) +B(u1 − u2, u2)|
6 c|u1|1/2 ‖u1‖1/2 ‖u1 − u2‖1/2 |Au1 −Au2|1/2
+c|u1 − u2|1/2 ‖u1 − u2‖1/2 ‖u2‖1/2 |Au2|1/2
6 cλ−11 (|Au1|+ |Au2|)|Au1 −Au2|
6 cλ−11 α
−4(|v1|+ |v2|)|v1 − v2|.
This yeilds that the nonlinear operator R is locally Lipschitz from H to H .
Now the prepared equation of (6.1) is constructed as follows: let θ : R+ −→ [0, 1] with
θ(s) = 1 for 0 6 s 6 1 and θ(s) = 0 for s > 2 and θ′(s) > 2 for s > 0. We define
θρ(s) = θ(s/ρ) for s > 0. The prepared equation takes the following forms
dv
dt
+ νAv + θρ(|v|)(R(v)− f) = 0. (6.2)
For t sufficiently large, v(t) enters a ball in H with radius ρ, hence equations (6.1) and (6.2)
have the same asymptotic behaviors in time, and the same dynamics in the neighborhood
of the global attractor. Furthermore (6.2) also possesses an absorbing invariant ball in H ,
indeed take the scalar product of (6.2) and v, one has
d
dt
|v|2 + 2νλ1|v|2 6 d
dt
|v|2 + 2ν ‖v‖2 = 0,
It follows that, if |v0| > 2ρ, the orbit of the solution to (6.2) will converge exponentially
to the ball of radius 2ρ in H , while if |v0| 6 2ρ, the solution does not leave this ball. On
the other hand, the function F (v) = θρ(|v|)R(v) is globall Lipschitz from H to H due to
the locally Lipschitz of R(v). As a direct consequence, equation (6.2) possesses the strong
squeezing property (see [40]).
On the 2−sphere S2, the eigenvalues of A = CurlCurln can be calculated explicit as
λn = [n
1/2]([n1/2] + 1), therefore we have
lim
n→+∞
(λn+1 − λn) = +∞,
therefore A satisfies the spectral gap condition (see [40]).
Definition 6.1. (Inertial Manifold) Consider the solution operator S(t) generated by the
prepared equation (6.2). A subset M ⊂ H is called an initial manifold for (6.2) if the
following properties are satisfied :
(i) M is a finite-dimensional Lipschitz manifold;
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(ii) M is invariant, i.e. S(t)M ⊂M , for all t > 0;
(iii) M attracts exponentially all the solutions of (6.2).
The third property implies that M contains the global attractor.
Since, the prepared equation (6.2) satisfies the strong squeezing property and operator
A = CurlCurln on S
2 satisfies the spectral gap condition, the fundemental theorem about
the existence of the inertial manifolds from these conditions (see [40]) leads us to
Theorem 6.2. The prepared equation (6.2) of the simplified Bardina model possesses an
n-dimensional inertial manifold M in H, i.e., the solution S(t)v0 of (6.2) approaches the
invariant Lipschitz manifold M exponentially. Furthermore, the following exponential track-
ing property holds: for any v0 ∈ H, there exists a time τ > 0 and a solution S(t)φ0 on the
inertial manifold M such that
|S(t+ τ)v0 − S(t)φ0| 6 Ce−bnt,
where bn > 0 is deduced from the strong squeezing property, and the constant C depends on
|S(τ)v0| and |φ0|.
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